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In this paper, the global existence and uniqueness of smooth solution to the initial-value problem for 
coupled non-linear wave equations are studied using the method of a priori estimates. 
1. Introduction and results 
The aim of the paper is to study the unique existence of the smooth solution for the 
following coupled non-linear equations: 
U, = u,, + ~ U U ,  + ~ u u , ,  (1) 
u, = 2(uu),. (2) 
These were proposed to describe the interaction process of two internal long waves. In 
[6], M. Ito presented a recursion operator by which he inferred that equations (1) and 
(2) possess infinitely many symmetries and constants of motion. 
From the mathematical point of view, P. F. He [4] established the existence of 
a smooth solution to the system of coupled non-linear KdV equations [S] 
(3) 
(4) 
where Q and b are constants. His proof depends on the presence of dispersive terms in 
both components and does not extend to the system of a non-linear KdV equations 
with a hyperbolic PDE. 
We remark that M. E. Schonbek [7] dealt with a very similar system of coupled 
non-linear equations [ 1) 
U, = ~(u, , ,  + ~uu,) + 2buv,, 
u, = - u,,, - 3uu,, 
ut = u,,, - uu, - v x ,  
0, = - (uv),. 
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The global existence of a weak solution was established via the technique of parabolic 
regularization and Dunford's theorem on weakly sequentially compact L' sets. 
To simplify the notation in this paper we shall denote by s U ( x )  the integration 
f Y m  U(x)dx, by ( 1 .  ( I p  the norm I( * (lLp(Rl, by C all the positive constants that depend 
only on the size of the initial data and, if necessary, on the constant T. L p ( R )  and 
H k ( R )  denote the usual Sobolev spaces. W',(O, T; Hk(R)) denotes the space of func- 
tion f(x, t )  that has derivatives D;D:f(x ,  t )  E Lm(O, T; L 2 ( R ) )  with 0 < s Q r, 
For any smooth initial data uo(x), vo(x), by 'smooth solution' of the initial-value 
problem for the system (l), (2) we mean sufficiently differentiable (generalized derivat- 
ives of four order) and small as 1x1 -+ + co that all the following operations are 
permitted. 
O < l < k .  
Our result is as follows: 
Theorem. Let T be any given positive constant. For any initial data uo(x), uo(x) such 
that (uo(x), vo(x) )  E H k ( R ) ,  where k 2 4 is an integer number, then the initial-value 
problem for the coupled non-linear wave equations (l), (2)  has a unique smooth solution 
2. Proofs 
It is now well known that the local existence of smooth solutions for non-linear 
dispersive equations can be verified normally by using the higher-order parabolic 
regularization and Leray-Schauder's fixed-point principle. For reference we refer the 
reader to Zhou and Guo [8] and He [3]. However, the main difficulty in the study of 
the global existence is to establish certain delicate a priori estimates that govern our 
strategy to prove the existence of the smooth solution of the initial-value problem. In 
this paper, for the sake of brevity, we merely give the demonstration of the a priori 
estimates. The detailed and standard procedures are omitted. 
Lemma 1 (Conservation laws). Let uo(x), vo(x)  be a pair ofsmoothfunctions and (u, v )  
be a smooth solution of equations (l), (2)  with initial data (uo, vo) ,  then we have the 
following identities (t >, 0) 
Eo( t )  = (u2 + 0 2 )  = Eo(O), s (7) 
Proof: The first two identities (7), (8) have been proposed in [6]. In what follows we 
only check the identity (9). 
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Since 
s(u:,  + 202u,, + 5u2u,,) = (2u,, + 20’ + 5u2)(uxXx + 6uu, + ~ u u , ) , ,  
dt 
+ 8 uu,,(uu), + 10 uu,,(u,,, + 6uu, + 2ou.J s s 
s s s = 24 UU,UU,, + 12 v 2 u , ~ , ,  + 60 u2uX~,,, 
and 
d 1(6u2u2  + 5u4 + 04) = (12u2u + 20u3)(u,,, + 6uu, + ~ u u , )  
dt s 
+ ( 2 4 ~ ~ ~  + ~ u ~ ) ( u u ) ,  = - 24 U U , U U ,  - 12 u ~ u , u , ,  - 60 s s s  
Thus, combining the above two equalities, we obtain 
s(u; ,  + 2u2u,, + u4 + 5u2uXx + 6u2u2 + 5u4) = 0. 
dt 
which implies the identity (9). 
Lemma 2. Under the conditions of Lemma 1, we have 
SUP ( 1 1 4 . 9  t)llH’+ 1 1 4 . 9  t)Il2)< c. 
O d i < m  
Prooj: By using Nirengerg’s inequalities in [4] 
and some straightforward computations, from the identities (7), (8), we can easily 
obtain the result of the lemma, which we omit. 
Corollary 1. We haoe 
sup Iu(x, t)l < c. 
- m  < x <  m 
O Q t < W  
Lemma 3. Under the conditions of Lemma 1, we have 
sup lux(& t)l < c. 
- w < x <  m 
O C i < m  
Proof. From the identity (9), we get 
[(u,, + u2)’ + 5u2(u,, + u 2 )  + u2u2 + 5u4] = El .  s 
Then by using Lemma 2, Corollary 1 and Young’s inequality, (11) gives 
SUP II u x A .  , t) + u 2 ( .  9 t) I12 < c. 
O d t i  w 
422 Guo Boling and Tan Shaobin 
We set 
W = u,(x, t )  + u2 ( y, t) dy. J: m 
It is obvious that 
(i) lim W(X, t )  = 0, lim ~ ( x ,  t )  = II u ( *  , t )  II $ < C, 
(ii) wX(x, t) E Lm(O, co ; L'(R)). 
W(x, t) E L"( R + x R). 
x + - m  x + + m  
On account of (i) and (ii), we can prove the following assertion: 
(13) 
In fact, supposing it is not true, then we can find an interval [ - D, D], where D is 
a positive constant, such that 
sup I W(x, t)l = co . 
- D < x < D  




uf dx + 4D( jm - W  U' dx)l < C(l + D), 
then, combining the above two inequalities with Nirenberg's inequality (lo), we get 
which is contrary to the presupposition (14). Therefore, we have proved the assertion 
(13), that is 
U, + J:m v2dx E Lm(R+ x R). 
Finally, we use Lemma 2, which gives the result of Lemma 3. 
Lemma 4. Let T be any positive constant. Under the conditions of Lemma 1 ,  we have 
SUP 
Proof. Since 
(Ilu(*, t ) l l " Z  + Ilu(., t)IlH') G c. 
O S r < T  
UU,(U,,  + v 2 )  + 6 u,u:, s 
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we obtain 
d 
dt - I l v x ( - ,  t,e: G ~ l l ~ l l m l l ~ x l l 2 l l ~ x x  + UZI l2  + 611ux l lmI I~x l l :  
< C(1 + l l ~ x ( * ,  t)ll3, 
where we have used the inequalities (10) and (12) and Lemma 3. 
By applying Gronwall's inequality we have that 
With the above estimate, from (12), it is easy to show that 
Lemma 4 is now proved. 
Lemma 5. Under the conditions of Lemma 4, we have that 
Prooj Since 
r I- 
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combining the above three equalities, we obtain 
dt J [ u L  + 2 ( @ 2 ) x ~ x x x  + 2(u2)xuxxx1  
= 8 uxxx~(uux)xxx - ~ u x x x x l  + 4 uuxxxuxxxx + 8 u x x x ( ~ 2 ~ x ) x  s s s 
s s + 8 (vZ)xC(uux)xxx - uuxxxxl + 24 uxxx(u2ux)x 
(15) G C(IIUOIIH2, I I ~ O l I H 1 ) ( 1  + l l ~ x x x l l ; ) ~  
where we have used integration by parts, Holder's inequality, the result of Lemma 4, 
and the following calculus of inequality: 
Il a:(fg) - f e g  I12 G C(W I1 a x f  I1 rn I1 a:- 9 112 + II 9 I1 m I1 a:f 112). (16) 
Finally, integrating (15) with respect to t ,  applying Lemma 4 and Gronwall's inequal- 
ity, we easily obtain 
sup IIu('> t ) I I H 3  G c. 
O S t b T  
Similarly, we can prove that 
sup llu(', t ) I l H Z  < c* 
O S r Q T  
The proof of Lemma 5 is now completed. 
Lemma 6. Let k 2 3 be an integer number. Under the conditions of Lemma 4, we have 
SUP 
Proof. Since 
( 1 1  4. 2 0 IIHk + II 4.  9 t )  llw) < c. 
O S r S T  
applying Lemma 5 and the inequality (16), from which we obtain 
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By Gronwall’s inequality, which gives the estimate of the Lemma 6, and which is the 
desired estimate. 
The uniqueness of the smooth solution can be proved normally and is omitted. This 
completes the proof. 
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